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A method for quantitative characterization of breakage of particulate material is
presented. The approach developed uses a 3-D population balance (PB) breakage
model, which describes the changing population of particles in a ‘‘origin-size-tough-
ness’’ domain, to extract breakage parameters from dynamic tracer and size evolution
experimental data. The breakage behavior is captured in terms of the model parame-
ters of breakage rate and breakage distribution function. It is shown that utilization of
the dynamic tracer distribution information contributes significantly to the accuracy
and robustness of the breakage parameter estimation. The method is validated by dem-
onstrating good agreement of the model with measured dynamic particle size distribu-
tions and tracer distributions. It is also demonstrated that the 3-D PB breakage model
better captures the highly distributed nature of the dynamic experimental data than an
equivalent 2-D model. The usefulness of the technique for characterization of break-
down characteristics is demonstrated using commercial aluminium oxides; both for
quantitatively differentiating the breakage behaviors and also for providing insights
into the fundamentals of the breakage mechanisms. ‘‘Breakage maps’’ and ‘‘breakage
activity’’ plots are introduced as useful formats for presenting the complex breakage
information. � 2007 American Institute of Chemical Engineers AIChE J, 53: 780–792, 2007
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Introduction

The breakage of micron-scale particles (i.e. 1–500 mm) is
an important phenomenon that takes place in a variety of
industrial unit operations. In some cases it is desirable, e.g.
comminution in mineral processing operations for the pur-
pose of liberating the valuables from the matrix. In other
cases it is undesirable; e.g. in alumina calciners it results in
product loss, decline in product quality, increased environ-
mental, and health hazards. To control the breakage of par-

ticulate material it is first necessary to quantify the distrib-
uted breakage behavior in terms of the basic rate processes.

Most mathematical modeling of breakage processes in
commercial multiphase unit operations has focused on identi-
fying breakage laws common to a wider population of par-
ticles, rather than a stochastic approach describing the inter-
actions of each particle; though the results from the two
approaches converge for linear systems in the limit for large
simulations.

The population balance (PB), given by Eq. 1, represents a
convenient mathematical framework for modeling of break-
age processes in this way.1,2

qnðxÞ
qt

þr � �uextnðxextÞ�þr � �uintnðxintÞ� ¼ ðB� DÞ (1)
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where n(x) is the number density function, the vector of
coordinates, x, consists of the external, xext, and internal,
xint, coordinates. Vector u represents the velocities with
respect to different coordinates. B and D are the birth and
death processes associated, in this case, with particle break-
down. The widely used breakage equation given by Eq. 21,3

is a simplification of Eq. 1 that describes particle breakage
dynamics in uniform, one-dimensional space, i.e. particle
size (v) as the internal coordinate.2 B and D are expressed in
terms of a time independent breakage rate, S, and breakage
distribution function, b, which describes the number distri-
bution of particles resulting from the breakage of a parent
particle, w.

qnðv; tÞ
qt

¼
Z 1

v

SðwÞbðv;wÞnðw; tÞdw� SðvÞnðv; tÞ (2)

The first term on the RHS in Eq. 2 describes the flux of
particles into the size interval v to v þ dv due to the break-
age of all particles generated from the population of larger
sized particles. The second term describes the flux out of this
interval due to breakage. As will be demonstrated below, the
highly distributed nature of particulate materials limits the
usefulness of such simplified one-dimensional PB breakage
equation models. Similarly, Pearson et al.4 found that more
internal coordinates are usually required to model granulation
processes. Indeed, the use of multi-dimensional PB to model
particulate systems with respect to coordinates other than
particle size is becoming more common.2,5–9

In this work, a 3-dimensional dynamic PB breakage
model is formulated and then utilized to quantitatively char-
acterize the breakage of two different commercial alumin-
ium oxide samples. Precise and sophisticated experimental
breakage data were necessary for estimation of the breakage
model parameters to avoid issues with over parameterization
and ill-conditioning, well documented problems associated
with modeling and parameter estimation in complex sys-
tems.2,10,11 The experimental information used included
measurements of the evolving particle size distributions and
various tracer element distributions with respect to time and
size. Validation of the model predictions is also presented.
Figure 1 illustrates the methodology used to investigate the
breakage behavior. Breakage parameters were estimated by
solving an inverse problem, with the model parameters set
such to achieve best match between the model prediction
and experimental data. These quantitative estimates of the
breakage parameters were used to identify the breakage
mechanism, enabling a quantitative comparison of breakage
of different samples. Because of the distributed nature of
the breakage data breakage maps and breakage activity
plots are introduced to help visualize the breakage model
results. The important additional information provided by
the tracers was obtained using a modification of the novel
alumina doping method developed by Clerin and Laurent,12

who used this information to quantitatively differentiate
breakage behavior of different alumina samples. They did
not use the time dependent tracer and PSD information for
parameter estimation or modeling of alumina breakage,
using instead a single dimensional mass balance-based
breakage model.

The Breakage Model

Population balance breakage model formulation

The multidimensional PB breakage model formulated here
extends on the concept by Hounslow et al.,6 who used a two-
dimensional PB to model a population of granules distributed
with respect to size and origin. To get agreement between
their experimental data and model they also introduced time
dependency into the breakage rate term, i.e. a decrease in the
breakage rate with time. This time dependent behavior has
been widely reported in the literature6,13–15 and has also been
observed in our laboratory attrition experiments with various
micron-sized powders, which showed that the rate of new
particle generation during attrition decreases with time de-
spite the continued presence of some larger particles.

The changing breakage behavior can be explained as a
result of either changes in the breakage resistance of particles
with time spent in the breakage environment, or changes in
the breakage environment, e.g. as the particle size changes.14

A number of mechanisms that result in the toughening of
brittle materials have been described in the literature, e.g.
crack-tip-shielding mechanisms.16 In general, these postu-
lated mechanisms act by either increasing resistance to crack
propagation or reducing crack energy. Other mechanisms are
postulated to weaken a particle with time, e.g. fatigue. A
simpler alternative explanation for this observation is that the
easier to break structures in the sample are broken first, leav-
ing behind particles of varying strength, but stronger on aver-
age and, hence, decreasing the opportunities for breakage
with time. In the case of the alumina test system used here,
this picture of particle breakage behavior is further compli-
cated by the great heterogeneity in size, external and internal
structure arising from the complex sequence of stages
involved in manufacture, e.g. complex seeding strategies,
agglomeration, cementation, nucleation, and a complicated
thermal decomposition stage involving anisotropic shrinkage.
This heterogeneity, overlayed by any progressive ‘‘tough-
ening’’ or ‘‘weakening’’ mechanisms results in a population,
which in a given breakage environment is distributed with
respect to ‘‘resistance to further breakage’’ or toughness, as
well as by other dimensions such as size and origin.

The size and origin dimensions have been previously used
in modeling of breakage processes6; the approach adopted
here to deal with the distributed breakage nature was to intro-
duce a third internal coordinate into the breakage PB equation
to represent ‘‘toughness’’. The particle ‘‘origin’’ coordinate,
i.e. the size of the parent particle from which a daughter parti-
cle has been generated, and the ‘‘size’’ coordinate, represent-

Figure 1. An overview of the methodology used to
quantitatively characterize particle breakage
behavior.
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ing the current size of a particle, are simple to conceptualize
and can be readily measured (although several different parti-
cle size dimensions can be defined for irregular-shaped par-
ticles). The toughness coordinate is more challenging. First,
numerous terms and definitions exist for this property, such as
fracture stress, failure stress, fracture toughness, strength,
attrition resistance, etc. Secondly, the measurement of various
‘‘toughness’’ properties of individual irregularly shaped,
micron-sized particles can be very difficult. Although techni-
ques do exist, such as nanoindentation tests and single particle
impact tests, the analysis of sufficient numbers required to
characterize a population is very time consuming and the
authors are not aware of any commercial bulk analyses tech-
niques that report distributed ‘‘toughness’’ values, such as
analogous to the deconvolution techniques used by some par-
ticle size analysis instruments. These complications were
handled here by treating the time spent by a particle in the
breakage environment without breaking, t, as a proxy mea-
sure for the toughness state variable. Populations character-
ized by a larger value of t comprise of particles that have not
experienced a breakage event for a longer period suggesting
overall higher breakage resistance or toughness.

The particle breakage process is then modeled by Eq. 1,
with the state of the particle population during a breakage
experiment determined by the number density function dis-
tributed with respect to the particle origin (l), size (v), and
toughness (t)

nðxintÞ ¼ nðl; v; t; tÞ (3)

The proposed model views the breakage process as a col-
lection of events averaged over the volume of the attrition ap-
paratus. The assumption of spatial uniformity negates the
need for the second term on the LHS of Eq. 1, which contains
external coordinates. Linear breakage is also assumed, i.e. the
breakage behavior of a particle is not affected by the state of
the population as a whole. Despite these simplifications, the
model is still very complex and further simplification was
achieved by reducing the overall dimensionality of the prob-
lem. This was done by modeling the distribution of particles
w.r.t. the origin coordinate, l, using a piece-wise formulation
for Eq. 3. In this approach, components of a joint marginal
number density distribution, w.r.t. the particle size and tough-
ness coordinates, are calculated separately for a series of par-
ent particle size intervals, as indicated in Eqs. 4 and 5.

nðl; v; t; tÞ �

n1ðv; t; tÞ l2 � l � l2
n2ðv; t; tÞ l2 � l � l3
�
�
nhðv; t; tÞ lh � l � lhþ1

8>>>><
>>>>:

(4)

where h is the number of parent-particle size intervals. Indi-
vidual components of the piece-wise number density function
are defined as

nlðn; t; tÞ ¼
Z llþ1

ll
nðl; n; t; tÞdl (5)

The 3-D breakage equation can now be converted into a
set of 2-D PB equations, in terms of nl(v,t, t) for each parent

particle size interval, by appropriately modifying the convec-
tive term on the LHS and the birth and death term on the
RHS of Eq. 1. The first term is modified to account for the
particle toughness distribution as

r � �uintnðxintÞ� ¼ q
qt

½utnlðv; t; tÞ� (6)

Noting that toughness, t, is defined as the time particles
spend without breakage, then,

ut ¼ dt
dt

¼ 1 (7)

The birth and death terms in Eq. 1 are substituted by a
breakage equation (Eq. 2), modified here to incorporate the
toughness internal coordinate, giving

qnlðv; t; tÞ
qt

¼ � qnlðv; t; tÞ
qt

þ dðt� t0Þ

�
Z1
v

Ztm
t0

bðv;wÞSðw; tÞnlðw; t; tÞdtdw� Sðv; tÞnlðv; t; tÞ ð8Þ

where the breakage distribution function, b(v,w), describes the
number density distribution of fragments produced upon
breakage of a particle size w. S(w,t) is the specific breakage
rate of particles dependent on the size and toughness state.
The breakage distribution function is assumed to depend only
on size, otherwise the complexity of the model and experi-
mental information required for the model identification
increases dramatically. The first term on the LHS of Eq. 8
describes the rate of accumulation of particles within the joint
v to v þ dv size and t þ dt toughness state interval. The
changes to this joint interval occur as a result of either break-
age events or reclassification with respect to toughness, result-
ing from continued survival without breakage. The first term
on the RHS represents the net rate of toughness reclassifica-
tion for particles remaining in the v to v þ dv size interval.
The second term on the RHS denotes the flux of particles into
the size interval v to v þ dv due to the breakage of particles
from the population of larger sized particles of any toughness
state. The third term describes the removal of particles due to
breakage. Alternatively, Eq. 8 could be reformulated by drop-
ping the second term on the RHS, and stating the boundary
condition for nl(v,t0,t) as the double integral without the Dirac
delta function. This approach is similar to the PB formulation
of Shah and Ramkrishna17 for droplet dispersions.

The model’s treatment of the toughness state variable,
though consistent with how it was defined as a proxy for
toughness, shows that t does not necessarily represent the
true or underlying ‘‘toughness’’ of an individual particle.
However, it is postulated, following the reasoning of Hasel-
tine et al.18 and Ramkrishna2 that for a large particle popula-
tion with t small compared with the time periods over which
measurable differences in the PSD occur, t represents a plau-
sible relative measure of the average ‘‘toughness’’ of that
population of particles. The Dirac delta function term, d(t �
to) in Eq. 8, reassigns all freshly broken particles into the
minimum toughness interval. This was introduced to capture
the postulate, based on scanning electron microscopy (SEM)
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images of attrited alumina particles, that many of the recently
broken particles will be more prone to breakage because of
the shape irregularities arising from the breakage and due to
their history (i.e. something about them has caused them to
break recently). As is demonstrated later by the agreement
between the model prediction and experimental data, this hy-
pothesis is reasonable for the alumina system. However, it is
acknowledged that different particulate systems may exhibit
different behavior.

Breakage parameters and constitutive equations

The breakage parameters are introduced into the breakage
model via the constitutive equations used to model the break-
age rate, S, and the breakage distribution function, b. S(v,t) is
expected to be a function of the material’s mechanical proper-
ties, structural properties, size, the threshold impact energy
required for damage to the particle, and the mass specific
energies to which the particles are being exposed. Some
workers have proposed that S also depends on the state of the
other particles comprising the population, i.e. nonlinear break-
age kinetics.19,20 Linear breakage kinetics are assumed here.
It is also assumed that all relevant variations in the material
properties and structural properties, including the threshold
energy, are captured by the toughness state variable, t.

In this work, the size dependency in S is modeled by a
power law relationship, following Hill and Ng3 and others,7

who report that this widely used form is a reasonable repre-
sentation of experimental breakage data. Clerin and Laurent12

used a power law correlation for the alumina system, in a
single dimensional mass-based breakage model following
Epstein.21

Toughness dependency is introduced into the breakage rate
equation to describe the decreased probability for breakage
for tougher particles, and is modeled by a first order process.
Separate breakage rate functions were used for the original
parent population, Sp, and the for the daughter particles, Sd.
The reasoning being that the parent particles, e.g. commercial
alumina particles, are engineered to resist breakdown and
attrition, whereas the structure of the daughter fragments pro-
duced upon breakdown cannot be controlled and can take on
a wide range of different forms. These forms may include
structures that make them easier to break further, e.g. sharp
corners, or they may be tougher, e.g. rounded corners or
because the easy to break structures are gone. SEM images
show significant differences in the respective morphologies
of the daughter and parent particles. It was also observed
that better fits to the experimental breakage data were
obtained when separate functions were used.

The breakage rate function used for the daughter particles,
combining the power law size dependency, and the first order
toughness relationship, takes the form

Sdðv; tÞ ¼ Sc;0 � e�t=tc � v

vf

� �Z

(9)

where vf is the maximum particle size. Sc,0 and Z are the
daughter particle breakage rate parameters and incorporate
information on the particle properties and the breakage envi-
ronment. t is the toughness introduced above and the con-
stant, tc, defines how rapidly the daughter particle breakage

rate decreases with respect to the toughness coordinate. It is
most likely a measure for how rapidly the weaker structures
in the sample are broken. The model assumes that tc is the
same for all particles for simplicity. Equation 9 describes an
average breakage rate of the population of particles of state
(v,t) and not single particle behavior, which would be sto-
chastic in nature.

The parent particle breakage rates were modeled using the
following empirical relationship

Spðl; tÞ ¼ p1 þ p2 � l
lf

� �
þ p3 � l

lf

� �� �
� e�t=tc (10)

Equation 10 was identified by trial and error and found to
be a good compromise between a flexible functional form
able to describe a range of experimental breakage rate data
and the number of parameters. A number of functional forms
were trialed, including Eq. 9, however, more work is needed
to establish a phenomenological understanding for this rela-
tionship. The parameters p1 to p3 incorporate information on
the parent population properties and the breakage process
conditions. Again for simplicity and in the absence of contra-
dictory findings, the constant tc is assumed to be the same
for all particles. In the discretized form of the PB breakage
model, introduced below, parent particles are defined as the
particles that remain in the original size interval.

The breakage distribution function, b(v,w), is the number
of particles sized v to v þ dv arising from breakage of a par-
ticle sized w. The function is subject to the constraints of
volume conservation, symmetry, and the total number or nor-
malization condition.2 Various empirical models for the
breakage function have been published; some underpinned
by physical reasoning, e.g. parabolic functional form to
describe attrition processes. The breakage distribution func-
tion model used here is based on Hill and Ng.22 They devel-
oped a method for modeling the breakage distribution func-
tion for multiple breakage event processes in terms of a joint
probability function expressed as either the summation or
product of power laws. In the case of binary breakage, thus
subject to the constraintZ w

0

bðv;wÞdv ¼ 2 (11)

and using their summation formulation, gives

bðv;wÞ ¼ mþ 1

wmþ1
½vm þ ðw� vÞm� (12)

where m is the breakage distribution function parameter. This
simple, one-parameter model has the flexibility to describe
different breakage mechanisms. This is illustrated in Figure 2
using three different values for the parameter m and showing
that for high values of m the breakage behavior is more attri-
tion-like, whereas for low values the breakage behavior is
more fracture-like resulting in the formation of more equi-
sized particles.

Solution of the breakage model

Equation 8 is too complex to solve analytically for cases
of interest and needs to be transformed appropriately for nu-
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merical solution. This was done by discretization of the con-
tinuous PB in Eq. 8, which converts it into a system of
ODEs that can be solved using standard numerical techni-
ques. In the descretized form, the particle population for a
given parent particle size, l, is represented by a set of particle
numbers in a discrete size-toughness region, Nik,l, which is
related to the number density by the following equation

Nik;l ¼
Z viþ1

vi

Z tkþ1

tk
nlðv; t; tÞdvdt (13)

where vi, viþ1, tk, and tkþ1 represent the boundaries of a
size-toughness region, as shown in Figure 3.

To derive the discrete form of the breakage model, the
first term on the RHS of Eq. 8, the convective term with the
unity velocity, has been discretized using a simple finite dif-
ference approximation, while the second term has been dis-
cretized in accordance with the discretization of Hill and Ng3

to yield the following discretized breakage model

d

dt
Nik;lðtÞ ¼ Hð�tk � �t1Þ Nik�1;lðtÞ

tk � tk�1

� Nik;lðtÞ
tkþ1 � tk

þ dð�tk � �t1Þ
Xm
k¼1

Xn
j¼iþ1

bjbijSjkNjk;lðtÞ

þ dð�tk � �t1Þ
Xm
k¼1

ð1� aiÞSikNik;lðtÞ � SikNik;lðtÞ ð14Þ

where Nik,l(t) is the number of particles of size �vi and tough-
ness �tk in the l-th parent size interval. bij is the discrete
breakage distribution function and is obtained from Eq. 12,
giving

bij ¼
Z viþ1

vi

bðv; vjÞdv ¼ 1

v
ðmþ1Þ
j

�
�
vmþ1
iþ1 � vmþ1

i þ ðvj � viÞmþ1 � ðvj � viþ1Þmþ1
�

ð15Þ

Hð�tk � �t1Þ and dð�tk � �t1Þ are the Heaviside step function
and the Dirac delta function acting at t greater than and
equal to �t1, respectively. bj and ai are additional probability
functions, as derived by Hill and Ng,3 introduced to ensure
correct prediction of total particle number and conservation
of total particle volume by the discretized breakage equation.
The first two terms on the RHS of Eq. 14 represent the net
change in numbers in joint interval due to toughness reclassi-
fication for particles not experiencing a breakage event with
time. The third and fourth terms account for the increase in
particle numbers due to the incoming particles generated by
the breakage of the particles of equal or larger size. Both
terms are nonzero only for the minimum toughness interval,
�t1. The last term accounts for the loss of particles from the
ik-region due to breakage. Because of the finite number of
discrete size intervals, the rate of generation of new particles
from the smallest size interval is zero. The characteristic size
and toughness of discrete intervals are defined as

�vi ¼ vi þ viþ1

2
(16)

�tk ¼ tk þ tkþ1

2
(17)

Similarly, the characteristic size of a parent size interval is

�ll ¼ ll þ llþ1

2
(18)

The model in Eq. 14 represents an initial value problem,
which was solved using an explicit Runge–Kutta (2,3) for-
mula, as implemented by the ‘‘ode23’’ function in MAT-
LAB23 computational environment. Note that to determine
the piece-wise solution of the particle population distribution
w.r.t. all three coordinates, the system of discretized equa-
tions presented in Eq. 14 is solved separately for each parent
size interval, as indicated by Eq. 4. The initial conditions
used for each parent size interval, �ll, are given as

Nð�v;�t; 0Þ ¼
dð�v1 � �llÞ � N1ð0Þ 0 � � � 0

dð�v2 � �llÞ � N2ð0Þ 0 � � � 0

..

. ..
. ..

.

dð�vn � �llÞ � Nnð0Þ 0 � � � 0

2
6664

3
7775 (19)

Figure 3. Particle number in a discrete size-toughness
domain.

Figure 2. Number-based power-law breakage distribution
function for different values of parameter m.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]
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where Nð�v;�t; 0Þ is the matrix of values of Nik,l at t ¼ 0 for par-
ent size �ll, dð�vi � �llÞ is the Dirac delta function acting at the
size equal to the respective parent size, and the elements Ni are
the numbers of particles of size �vi. The initial value matrix
shown is valid for the case where �v and �k are the same vectors.
Note that in this case the matrix first column has only one non-
zero element, with all the other elements equal to zero.

The information generated by the dynamic breakage
model, at a given time instant, can be presented schemati-
cally as shown in Figure 4, where the three-dimensional par-
ticle space, N(v,t,l), is represented by a cube. Each slab in
this cube represents the particle size-toughness distribution
resulting from a given parent particle size interval.

The advantages of the finite difference discretization tech-
nique used in this work are its implementation ease and robust-
ness within iterative optimization loops. However, it results in
a relatively large set of ordinary differential equations to
achieve the desired solution accuracy. In our case, the total
particle volume was conserved with a tolerance better than
0.1%. A small discrepancy in the model predicted volume con-
sistency is ascribed to the fact that the size domain is finite—it
does not go down to zero size. Other numerical techniques that
could also be used include: collocation methods,24 method of
characteristics,25 or high-resolution schemes of Ma et al.26

Estimation of Breakage Parameters

The breakage parameters were estimated such that the devi-
ation between the experiment and model prediction was mini-
mized. Such inverse breakage problems can be ill-condi-
tioned2; the inclusion of the tracer distribution data and
specification of the functional forms for the constitutive
equations in the present case imposes additional constraints
on the solution and increases the robustness of parameter esti-
mation procedure. The tracer distribution data provide direct
information on breakage distribution function. The use of
tracer information in determination of breakage parameters is
discussed in a considerable depth in the paper by Gardner and
Sukanjnajtee.27 In their work, the authors anticipated a tracer
method that would use a number of tracers simultaneously,

which is exactly the approach implemented in the present
work. The estimation problem in our case can be stated as

min
y

UðNðtÞ; yÞ
subject to Breakage Model

(20)

where the objective function, F, includes two terms, one
for the PSD and the other for the tracer distribution (TRD)
as

UðNðtÞ; yÞ ¼ UPSD þ UTRD ¼
Xn
i¼1

Xm
s¼1

oiðNexp
i;s � Ni;sðyÞÞ2

þ
XQ
q¼1

XQ
z¼1

Xm
s¼1

cqðXexp
q;z;s � Xq;z;sðyÞÞ2 ð21Þ

The set of breakage parameters, y, is

yT ¼ ½Sc;0 Z p1 p2 p3 m tc� (22)

Ni,s
exp and Ni,s(y) are the experimental and model predicted

number of particles in the ith size interval at the sth time
instant, respectively. Similarly, Xq,z,s

exp and Xq,z,s(y) are the ex-
perimental and model predicted mass fractions of the q-tracer
doped particles appearing in the zth size interval at the sth
time instant, respectively. Note: the size intervals for the ex-
perimental PSD data are determined by Coulter Counter Mul-
tisizer, and for the tracer distribution data by sieving (both q
and z). The model predicted qth tracer mass fraction trans-
ferred to the zth size interval at the sth time instant, Xq,z,s,
can be calculated from the set of individual parent-size frac-
tions, Nl(v,t,t), assuming a constant solids density using the
following relationships

Xq;z;s ¼
�vz
PK
k¼1

Pqþ
l¼q�

Nlð�vz;�tk; tsÞ

Ph
i¼1

�vi
PK
k¼1

Pqþ
l¼q�

Nlð�vi;�tk; tsÞ
 ! (23)

where q� and qþ denote the index corresponding to the
lower and upper boundaries of the qth tracer size fraction.

The experimental value of q-tracer mass fraction, Xq,z,s
exp, is

simply obtained as a ratio between the experimentally deter-
mined mass of particles doped by the qth tracer, Mq,z,s, and
total mass of particles in the zth size fraction, Mz,s, as

Xexp
q;z;s ¼

Mq;z;s

Mz;s
(24)

The weighting factors, oi and cq in Eq. 21, are set so
that the sensitivity of the objective function is balanced
with respect to both terms. Although the weights can be
used to incorporate information on the measurement error,
in this case they were only used for scaling the measure-
ments of different dimensionality and their best values were
determined by trial and error, as is commonly done for
cases where replicate experiments to assess data error struc-
ture are not available.28 In our case, oi equals to 100 �vi,
and cq is unity for all q. The breakage parameters were
determined by the solution of the nonlinear optimization

Figure 4. Presentation of the information generated by
the breakage model.
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problem stated in Eq. 21, carried out using a direct search
method available within the MATLAB Optimization Tool-
box.29 Configuration parameters of the MATLAB direct
search procedure, for example tolerances on the objective
function and parameter values, were set such to ensure con-
vergence of all breakage parameters. This was checked by
inspecting the evolution of breakage parameter values and
values of the objective function during a complete optimi-
zation run.

Experimental Procedures

The quantitative method described above has been used to
characterize the breakage behavior of about 15 aluminium
oxide samples to date. The results for two different alumin-
ium oxide samples, denoted Sample A and Sample B, are
reported here to demonstrate the technique. These were
derived from commercial aluminium trihydroxides obtained
from different alumina refineries and calcined under identical
conditions to the oxide form.

Prior to each attrition test, the material was dry sieved and
separated into six size-fractions. Particles from each size-
fraction were doped with a different tracer element following
the procedure developed by Clerin and Laurent.12 The doping
elements were Mo, Co, Cu, Cd, and Zn. The undoped par-
ticles represent the sixth fraction. The imbibing process is
aided by the very porous character of commercial grade alu-
mina particles ;80 m2/g.

A number of tests were conducted to demonstrate that the
doping did not significantly change the character of the alu-
mina. Analyses of the alumina phase compositions of doped
and undoped alumina samples, using the method described
by Whittington and Ilievski,30 showed no significant differen-
ces in the relative amounts of w, g, y, k, and a phases. Tests,
looking at the rate of particle number generation and mea-
sured by Coulter Counter, showed no significant differences
between doped and undoped samples. The uniformity of dop-
ant distribution was tested by (1) preparing a doped narrow

size fraction and measuring the concentration of dopant, (2)
attriting that size fraction, (3) sizing the attrition product, (4)
classifying the attrition product into different size fractions
and analyzing each fraction by ICP for the dopant, and
finally, (5) checking that the dopant proportions were uni-
formly distributed across the resultant size fractions. The pro-
portion of the dopant in each size fraction was constant to
within experimental error, indicating uniform distribution.
Figure 5 illustrates this result by comparing the actual mass
in each of the size fractions after 15 min attrition with the
amount calculated from the tracer composition data assuming
uniform distribution of the dopant (Mo in this case).

The recombined sample is then subjected to the attrition
process in a modified Forsythe–Hertwig spouted bed attrition
device,31 shown in Figure 6, for periods of time ranging
from 1 to 15 min. After attrition, the solids were collected
and sieved again into the original size fractions. A small por-
tion of each size fraction was removed and submitted for the
chemical analysis by ICP to determine size distribution of
the tracer elements.

The particle size distributions (PSD) of the combined
samples were measured with a Coulter Counter Multisizer
IIe at each sampling instant. Measurements were made in
duplicate to ensure repeatability and good mass recovery.
Experimental data describing the evolution with time of the
PSD and tracer distribution were used in the numerical part
of the method to estimate breakage parameters for both
samples.

Method Validation

The breakage model has been tested by assessing its abil-
ity to describe dynamic experimental data on:

1. Total number of particles,
2. Particle size distribution, and
3. Tracer fraction distribution with size.
Very good agreement between the model and experimental

data has been observed for the 15 aluminium oxide samples

Figure 5. Uniformity of the dopant distribution demonstrated by comparison of the measured and calculated mass
of the dopant in each size fraction after 15 min attrition.

[Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]
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analyzed to date. The results of the validation tests for Sam-
ple A are presented for illustration. The results also demon-
strate the benefit of the using the 3-D breakage model in the
analysis, i.e. the addition of ‘‘toughness’’ as the third internal
coordinate, versus an equivalent 2-D model that only
includes size and parent size coordinates.

Figure 7 shows that the model predicted evolution of parti-
cle numbers is in good agreement with the measured values.
It is clearly superior to the predictions made when the equiv-
alent 2-D breakage model was used to estimate the breakage
parameters from the data (i.e. the dotted line in Figure 7).
However, it is noted that the agreement between experiment
and 2-D model may improve if time dependent breakage pa-
rameter functions are used in the model.

A comparison between the experimental and model pre-
dicted volume-based PSDs at different time instants is pre-
sented in Figure 8. The PSD curves illustrate how the vol-
ume (mass) of material in the lower sizes increases due to
breakage of larger particles. Note, the total volume of par-
ticles remains constant. As shown in the plot, the PSDs pre-
dicted by the model capture well the experimentally observed
behavior.

Figure 9 presents the experimental and model predicted size
distributions of the 75–106 mm tracer-doped particles after 15
min attrition. This size fraction contains the greatest mass.
Note that at time zero, all of the mass was contained in the 75–
106 mm size interval, and was at later times distributed to the
lower size intervals due to breakage. The model satisfactorily
predicts the experimentally observed final size distribution of
doped particles, as shown in Figure 9. The small amount of the
material predicted by the model in the size interval above the
75–106 mm size interval is a consequence of the numerical dif-

fusion arising from the discretization. Also shown in Figure 9
(as a dotted line) is the tracer distribution predicted using the 2-
D model for the breakage analysis. Clearly, the analysis using
the 3-D breakage model better captures the experimental tracer
distribution data.

Breakage Mechanism Identification

The breakage model was used to extract the breakage
characteristics of samples A and B (i.e. breakage rate, break-

Figure 6. Forsythe–Hertwig attrition.

Figure 7. Evolution of the experimental and model pre-
dicted total number of particles during the
attrition of Sample A.

The dotted line represents the prediction of a model that
does not include the ‘‘toughness’’ coordinate. [Color figure
can be viewed in the online issue, which is available at
www.interscience.wiley.com.]

Figure 8. Experimental (symbols) and model predicted
PSD (lines) at different times during the attri-
tion of Sample A.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]
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age distribution function) from the experimental dynamic
PSD and tracer distribution data obtained using the attrition
unit.

Figure 10 shows the parent breakage rate for both samples
as a function of size. The parent breakage rates of both sam-
ples are very similar in magnitude and both exhibit a
decrease with increasing parent particle size. This suggests
that these materials either experienced some breakage prior
to the experiments in the attrition tester and leaving only
‘‘resilient’’ particles in larger size fractions or were produced

in a process that favors the formation of strong large par-
ticles. The latter is, indeed, the goal of most commercial
Bayer operations for the production of alumina. It should
also be noted that the uncertainty in the breakage rate esti-
mates for sizes below 20 mm and above 120 mm are expected
to be larger due to relatively small amount of material ini-
tially present in these regions.

The estimated daughter breakage rates are presented in
Figure 11. In contrast to the parent breakage rates, the
daughter breakage rates of both samples differ significantly,
with Sample A exhibiting much lower values than Sample B.
In both samples, the daughter breakage rates exhibit only a
slight size-dependency.

Figure 9. Experimental and model predicted size distri-
bution of the 75–106 lm tracer doped par-
ticles after 15 min of breakage of Sample A.

The dotted line represents the prediction of a model that
does not include the ‘‘toughness’’ coordinate. [Color figure
can be viewed in the online issue, which is available at
www.interscience.wiley.com.]

Figure 10. Parent breakage rates estimated for Sample
A and Sample B.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

Figure 11. Daughter breakage rates estimated for Sam-
ple A and Sample B.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

Figure 12. Estimated number-based breakage distribu-
tion functions of Sample A and Sample B.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]
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For Sample A, parent and daughter breakage rates are of
comparable magnitude, with differences between the two
being more pronounced at the small and large size end,
where uncertainties are higher. In the case of Sample B, the
daughter breakage rates far exceed the parent particle break-
age rates.

Figure 12 shows that the estimated breakage distribution
functions for the two samples differ significantly. The break-
age product from Sample A is distributed much more evenly
by size than the breakage product resulting from sample B.
These results suggest that the breakage mechanism of Sample
A is more cleavage-like or fracture-like, while that of Sample
B seems to be more attrition-like. The maximum breakage
rates and breakage distribution functions presented for the
two samples are obtained using the estimated values of corre-
sponding breakage parameters, which are given in Table 1.

These postulated mechanisms are consistent with the
breakage products observed in SEM images; Figure 13 shows
both products after 10 min attrition in the attrition tester.
Sample A appears to have more evenly sized particles,
whereas Sample B has produced significant amounts of fine
particles. SEM images of the initial samples show that they
comprise mostly of large particles and contain few fines.
Care is required in interpreting the images in Figure 13 due
to issues with representative sampling and count statistics.

The quantitative breakage characteristics determined for
these samples help to build a conceptual model of their re-
spective breakdown behaviors and gives an insight into the
possible internal structures that could explain the differences
observed. First, that the parent particles have similar break-
age rates is possibly due to both oxide samples having been
being derived from aluminium trihydroxide particles pro-
duced in commercial operations that, although different,
endeavor to produce a product of similar attrition resistance.
The main difference between the samples appears to be that
the daughter particles arising from Sample B are more rap-
idly broken down further to fines. This suggests a conceptual
model of the initial daughter particles from Sample B as

comprising of many easy-to-rupture structures, which result
in the generation of a significant quantity of fines.

To help better visualize the breakage characteristics
extracted from the data, the plots presented in Figures 14 and
15 show the number distribution of particles as a function of
daughter and parent particle sizes for the sample A and B,
respectively. The color spectrum is used as an indicator of
particle numbers with red indicating the greatest numbers
through to dark blue representing no particles. These
‘‘breakage maps’’ show the size distribution of daughter par-
ticles originating from a given parent size interval, as can be
noticed by following the straight vertical line up from the di-
agonal. The parent particles, which at t ¼ 0 represent the
original sample, are depicted along the diagonal of a break-
age map. The lower triangular part of a breakage map con-
tains no particles (dark blue color), as none of the daughter
particles can be larger than the parent. The breakage maps
are generated from the data estimated by the dynamic break-
age model, described above, using the breakage parameters
extracted from the experimental data. Comparing these
‘‘breakage maps’’ at different time instants enables one to
follow the evolution of newly generated particles originating
from different parent particles.

Figure 14 shows that after 1 min of breakage of Sample
A, most of the particles generated are only slightly smaller
than the parents. At this stage, most of the daughter particles
originated from the parents in the lower end of the parent
PSD, where the numbers of parent particles and breakage
rates are highest. After 15 min of breakage in the attrition
device, the largest number of particles in the breakage prod-
uct are newly generated fines (red color at the top) originat-
ing from parent particles sized around 40 mm.

In contrast to Sample A, the breakage maps for Sample B,
shown in Figure 15, have a boomerang-like shape, which is
consistent with the ‘‘attrition-like’’ breakage mechanism
ascribed to Sample B based on the extracted breakage distri-
bution function shown in Figure 12. The breakage map pre-
sentation can provide a distinctive fingerprint of a given ma-
terial, which may prove to be a useful tool in comparison of
breakdown behaviors of different materials.

Another useful format for visualization of breakage char-
acteristics is the ‘‘breakage activity’’ plot, such as shown in
Figure 16. These illustrate how the breakage activity is
distributed with respect to size and time. Like breakage

Table 1. Estimated Values of Breakage Parameters

Sample Sc,0 Z tc m p1 p2 p3

A 0.017 0.059 124 1.4 0.035 �0.057 0.022
B 0.112 0.028 54 37.5 0.034 �0.063 0.035

Figure 13. SEM images of the attrition products from Sample A (a) and Sample B (b) after 10 min in the attrition
device.
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maps, breakage activity plots are generated from the dynamic
PB breakage model. Figure 16 indicates that after 1 min of
breakage the population of particles in Sample A has a wide
spread of volume-based breakage rates with a maximum at
the size of about 50 mm. After 2 min, the breakage activity
increases in intensity and also starts propagating to smaller

size intervals. The migration of breakage activity to smaller
sizes continues until an external constraint, such as the size
of smallest particle that can undergo break-up, is reached,
e.g. the critical plastic deformation size limit. The overall
breakage activity drops significantly at later times, as shown
in the last plot of Figure 16, suggesting that most opportuni-

Figure 14. Model predicted number-based distribution of Sample A particles at four different time instants.

[Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]

Figure 15. Model predicted number-based distribution of Sample B particles at four different time instants.

[Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]
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ties for breakage have been exhausted in the given breakage
environment. Note that the addition of toughness as the 3rd
dimension in the PB breakage model has helped to capture
this propagation of breakage activity behavior.

Conclusions

A novel method is presented, which combines experimental
and numerical techniques for the quantitative analysis of
breakage behavior. This method quantifies breakage parame-
ters from transient experimental PSD and tracer distribution
data using a three dimensional PB breakage model. A signifi-
cant feature of the breakage model is that some of the time-de-
pendent behavior of the breakage parameters is captured
through a toughness state variable and the appropriate constitu-
tive equations. The utilization of the tracer information in the
method contributes significantly to the robustness of the break-
age parameter estimation. The model-based analysis has been
successfully validated by comparison to the experimental
breakage product size distributions and tracer distributions.

The method’s capabilities were illustrated by using it to
quantitatively analyze the breakage characteristics of two alu-
minium oxide samples that had been prepared from alumin-
ium trihydroxide product obtained from commercial Bayer
plants. The resultant analyses clearly showed differences in
the breakage behavior of the two samples and provided evi-
dence for a phenomenological interpretation. The findings
are consistent with the tracer results and SEM images.

The complex multi-dimensional information generated
by the method is most clearly presented in the form of a
‘‘breakage map’’, which enables visualization of breakage

variables distributed in two dimensions, and a ‘‘breakage ac-
tivity plot’’, which shows the change in breakage activity
with time for the whole population of particles.
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Notation

B ¼ birth term, s�1

D ¼ death term, s�1

K ¼ number of toughness intervals
Mq,z,s ¼ mass of particles doped by a q-tracer in the sth size interval

n ¼ number density
Q ¼ number of sieving size intervals
P1 ¼ parent breakage rate constant, s�1

Sc,0 ¼ breakage rate constant, s�1

t ¼ time, s
Xq,z,s ¼ q-tracer mass fraction transferred to the zth size interval at the

sth time instant

Greek letters

l ¼ parent particle volume, m3

m ¼ number of time instants
y ¼ vector of breakage model parameters

Figure 16. Model predicted volume-based breakage activity of Sample A at four different time instants.

[Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]
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t ¼ toughness state, s
t0 ¼ minimum toughness, s
tm ¼ maximum toughness, s
n ¼ particle volume, m3

Subscript

f ¼ maximum size
i ¼ size interval
k ¼ toughness interval
l ¼ parent size interval
q ¼ tracer type
z ¼ sieving size interval
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